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M250 Intervals of Concavity and 2nd Derivative Test for Extrema

I A function fis concave upward (or concave up) on (a,b) if f''(x) >0 for all x in (a,b).
This means that ' is increasing, or, for any two numbers x; and x, in (a,b),
If x; < x, then f'(x;)< f'(x,). The graph “smiles”.

A function f'is concave downward (or concave down) on (a,b) if f"'(x) <0 for all x in (a,b).
This means that /" is decreasing, or, for any two numbers x; and x, in (a,b),
If x; <x, then f'(x;)> 1" (x,). The graph “frowns”.

The first derivative 7' is constant on (a,b) if f"'(x) =0 for all x in (a,b).
This means that for any two numbers x; and x, in (a,b), f'(x;)= f'(x2).
This also means that f’is linear on (a,b).

Since f''(x) gives the rate of change of the slope of the tangent line wherever it is defined on the graph of £,
Concave up at x; < slope increasing at x; < f"'(x;) >0
Concave down at x; < slope decreasing at x; < f"'(x;) <0
(Neither concave up nor concave down) Linear at x; < slope constantat x; < f''(x;) =0

To determine intervals of concavity:

1) Find the first and second derivatives.
2) Find the values of x where f"'(x) =0 and where f"'(x) is undefined.
{Note: These are not necessarily the same as the critical values, but sadly, there’s no name for them.}

3) Graph the values from step 2 in numerical order on a number line.
4) Label the number line f"'
5) Determine the sign of the second derivative at a test point for each interval.
6) Write open intervals:
e positive f"' at the test point are concave up

e negative /" at the test point are concave down

CAUTION: When testing values, be sure to test using ("', not for f'.
Note: Sometimes it is easier to look at the graph of f''. If the graph is above the x-axis, its value is positive.

If the graph is below the x-axis, its value is negative.
CAUTION: The concavity of the graph of "' is usually unrelated to the concavity of f.

To determine if a critical value is an extremum using the second derivative test:

1) Find the critical values:
Note: The critical values are always f'=0 or f"' undefined.

2) Evaluate f''for each critical value.
- o If f"=0, the second derivative test is inconclusive. Use the first derivative test.
o If f">0, the graph is concave upward and the critical value is a relative minimum.
e If " <0, the graph is concave downward and the critical value is a relative maximum.
3) Find the y-coordinate for each critical value. (If fis undefined, there is not an extremum.)
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